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Abstract
In [arXiv:1712.03219] the existence of a strongly (pointwise) con-
verging sequence of quantum channels that can not be represented as
a reduction of a sequence of unitary channels strongly converging to a
unitary channel is shown. In this work we give a simple characteriza-
tion of sequences of quantum channels that have the above representa-
tion. The corresponding convergence is called the strong∗ convergence,
since it is related to the convergence of selective Stinespring isometries
of quantum channels in the strong∗ operator topology.
Some properties of the strong∗ convergence of quantum channels
are considered. It is shown that for Bosonic Gaussian channels the
strong∗ convergence coincides with the strong convergence.
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1 Introduction
The Stinespring theorem implies that any quantum channel Φ from a system
A to a system B can be represented as
Φ(ρ) = TrEVΦρV
∗
Φ , (1)
where VΦ is an isometrical embedding of the input Hilbert space HA into the
tensor product of the output Hilbert space HB and some Hilbert space HE
typically called environment [8, 21]. By using the Stinespring representation
(1) for any quantum channel Φ from A to B one can find such quantum
systems D and E ′ that
Φ(ρ) = TrE′UΦρ⊗ σ0U∗Φ, (2)
where σ0 is a pure state in S(HD) and UΦ is an unitary operator from HAD
onto HBE′ [8]. In the case A = B one can take D = E ′ = E in (2) [12, 21].
Representation (2) called unitary dilation of a quantum channel Φ allows
to consider this channel as a reduction of some unitary (reversible) channel
between larger quantum systems [8, 12, 21].
In study of quantum channels and their information characteristics it
is necessary to consider topology (convergence) on the set of all quantum
channels between given quantum systems. In finite-dimensions the uniform
convergence denerated by the diamond-norm metric between quantum chan-
nels is widely used [1, 15],[21, Ch.9]. But this convergence is too strong for
analysis of real variations of infinite-dimensional channels [18, 23]. In this
case it is natural to use the strong convergence of quantum channels gener-
ated by the family of seminorms Φ 7→ ‖Φ(ρ)‖1, ρ ∈ S(HA) [11, 22]. The
strong convergence of a sequence {Φn} of channels to a channel Φ0 means
that
lim
n→∞
Φn(ρ) = Φ0(ρ) for all ρ ∈ S(HA). (3)
It is easy to see that a sequence of unitary channels ρ 7→ UnρU∗n strongly
converges to a unitary channel ρ 7→ U0ρU∗0 if and only if the sequence {Un}
converges to the operator U0 in the strong operator topology.
1 A characteriza-
tion of the strong convergence of arbitrary quantum channels is presented in
[17, Theorem 1], it states that a sequence {Φn} of quantum channels strongly
1The strong operator topology on the set of unitary operators coincides with the weak,
σ-weak and σ-strong operator topologies [3].
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converges to a quantum channel Φ0 if and only if there is a quantum system
E and a sequence {VΦn} of isometries from HA into HBE converging to an
isometry VΦ0 in the strong operator topology such that (1) holds for all n.
The nontrivial part of this characterization can be treated as continuity of
the multi-valued map Φ 7→ VΦ (where VΦ is the isometry from representation
(1)) w.r.t. the strong convergence topology on the set of channels and the
strong operator topology on the set of isometries. It turns out that this
continuity does not imply continuity of the multi-valued map Φ 7→ UΦ (where
UΦ is the unitary from representation (2)) w.r.t. these topologies. This means
the existence of a sequence {Φn} of quantum channels strongly converging
to a quantum channel Φ0 that can not be represented in form (2) with some
sequence {UΦn} of unitaries converging to a unitary operator UΦ0 in the
strong operator topology [17].
The above discontinuity of the unitary dilation is a specific feature of the
strong convergence: by using the arguments from the proof of Theorem 1 in
[14] one can show that any sequence {Φn} of quantum channels converging to
a quantum channel Φ0 w.r.t. the diamond norm can be represented in form
(2) with some sequence {UΦn} of unitaries converging to a unitary operator
UΦ0 in the operator norm topology [17, Proposition 4].
The discontinuity of the unitary dilation with respect to the strong con-
vergence of quantum channels means the existence of a strongly converging
sequence of channels that has no physical sense within the standard inter-
pretation of a channel as a reduced unitary evolution of some larger system.
Mathematically, this means that the strong convergence of quantum channels
is too weak for describing physical perturbations of quantum channels.2
The aim of this note is to describe all sequences of quantum channels that
can be represented as a reduction of a sequence of unitary channels strongly
converging to a unitary channel. We call the corresponding convergence of
quantum channels the strong∗ convergence, since it is related to the conver-
gence of selective Stinespring isometries of quantum channels in the strong∗
operator topology [3].
2It seems reasonable to assume that all physical perturbations of a unitary channel
ρ 7→ UρU∗ is properly described by continuous deformations of the unitary U in the
strong operator topology (coinciding in this case with the weak, σ-weak and σ-strong
operator topologies [3]). I would be grateful for any comments concerning this question.
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2 Preliminaries
Let H be a separable infinite-dimensional Hilbert space, B(H) the algebra
of all bounded operators on H with the operator norm ‖ · ‖ and T(H) the
Banach space of all trace-class operators on H with the trace norm ‖·‖1. Let
S(H) be the set of quantum states (positive operators in T(H) with unit
trace) [8, 21].
A quantum channel Φ from a system A to a system B is a completely
positive trace preserving linear map from T(HA) into T(HB) [8, 21]. For
any quantum channel Φ : A→ B the Stinespring theorem (cf. [19]) implies
existence of a Hilbert space HE and of an isometry VΦ : HA → HB ⊗ HE
such that representation (1) holds. The quantum channel
T(HA) ∋ ρ 7→ Φ̂(ρ) = TrBVΦρV ∗Φ ∈ T(HE) (4)
is called complementary to the channel Φ [8, Ch.6]. The complementary
channel is uniquely defined up to isometrical equivalence, i.e. if Φ̂′ : A→ E ′
is the channel defined by formula (4) via some other Stinespring isometry
V ′Φ : HA → HB ⊗ HE′ then there exists a partial isometry W : HE → HE′
such that Φ̂′(ρ) =W Φ̂(ρ)W ∗ and Φ̂(ρ) = W ∗Φ̂′(ρ)W for all ρ ∈ S(HA) [9].
The strong convergence of quantum channels is generated by the family
of seminorms Φ 7→ ‖Φ(ρ)‖1, ρ ∈ S(HA) [11]. The strong convergence of a
sequence {Φn} of channels to a channel Φ0 means that
lim
n→∞
Φn(ρ) = Φ0(ρ) for all ρ ∈ S(HA). (5)
This convergence is more relevant for analysis of infinite-dimensional quan-
tum channels than the diamond-norm convergence [18, 23]. Equivalent defi-
nitions of the strong convergence and its properties are described in [22].
If Φ is a linear bounded map from T(HA) to T(HB) then the map Φ∗ :
B(HB)→ B(HA) defined by the relation
TrΦ(ρ)B = TrΦ∗(B)ρ for all B ∈ B(HB) (6)
is called dual to the map Φ [3, 16]. If Φ is a channel acting on quantum
states, i.e. a channel in the Schrodinger pucture, then Φ∗ is a channel acting
on quantum observables, i.e. a channel in the Heisenberg picture [8, 21].
The result in [7] implies that the trace-norm convergence in (5) is equiv-
alent to the convergence of the sequence {Φn(ρ)} to the state Φ0(ρ) in the
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weak operator topology. So, by noting that the set S(HA) in (5) can be
replaced by its subset consisting of pure states it is easy to show that the
strong convergence of a sequence {Φn} of quantum channels to a channel Φ0
means, in the Heisenberg picture, that
w - lim
n→∞
Φ∗n(B) = Φ
∗
0(B) for all B ∈ B(HB), (7)
where w - lim denotes the limit in the weak operator topology in B(HA).
3 On sequences of quantum channels having
strongly converging unitary dilations
The following theorem gives several criteria for existence of a strongly con-
verging unitary dilation for a sequence of quantum channels.
Theorem 1. Let {Φn}n≥0 be a sequence of quantum channels from A to
B. The following properties (i)- (v) are equivalent:
(i) there exist quantum systems D and E, a sequence {Un}n≥0 of unitary
operators from HAD onto HBE and a sequence {σn} of states in S(HD)
converging to a state σ0 such that Φn(ρ) = TrEUnρ⊗σnU∗n for all n ≥ 0
and s- lim
n→∞
Un = U0;
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(ii) there exist quantum systems D and E, a sequence {Un}n≥0 of unitary
operators from HAD onto HBE and a pure state σ0 in S(HD) such that
Φn(ρ) = TrEUnρ⊗ σ0U∗n for all n ≥ 0 and s- lim
n→∞
Un = U0;
(iii) there exist a quantum system E and a sequence {Vn}n≥0 of isome-
tries from HA into HBE such that Φn(ρ) = TrEVnρV ∗n for all n ≥ 0,
s- lim
n→∞
Vn = V0 and s- lim
n→∞
V ∗n = V
∗
0 ;
(iv) there exist a set of sequences {Ani }n≥0, i ∈ I, of operators from HA to
HB such that Φn(ρ) =
∑
i∈I A
n
i ρ[A
n
i ]
∗ for all n ≥ 0, s- lim
n→∞
Ani = A
0
i
and s- lim
n→∞
[Ani ]
∗ = [A0i ]
∗ for each i ∈ I;
(v) s- lim
n→∞
Φ∗n(B) = Φ
∗
0(B) for all B ∈ B(HB).4
3 s- lim
n→∞
Xn = X0 denotes the strong convergence of a sequence {Xn} to operator X0.
4Φ∗ is the dual map to the channel Φ defined by relation (6).
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The equivalent properties (i)- (v) imply the strong convergence of the sequence
{Φn} to the channel Φ0 (but the converse implication is not valid).
Remark 1. Property (v) in Theorem 1 can be replaced by the following
property, which is more easily verified in some cases5
(v′) the sequence {Φn} strongly converges to the channel Φ0 and
s- lim
n→∞
Φ∗n(B) = Φ
∗
0(B) for all B ∈ B0,
where B0 is a dense subset of B(HB) in the strong operator topology.
This follows from the proof of the implication (v)⇒ (iii) in Theorem 1.
Proof of Theorem 1. (i) ⇒ (iii). Since for any converging sequence of
states in S(HD) there is a converging sequence of purifications in S(HDR),
where R is some system, and s- limn→∞ Un = U0 implies s- limn→∞Un⊗IR =
U0 ⊗ IR, we may assume that the sequence {σn} consists of pure states. Let
{τn} be a sequence of unit vectors in HD converging to a unit vector τ0
such that σn = |τn〉〈τn| for all n ≥ 0. For each n let Vn : HA → HBE and
Pn : HA →HAD be the operators defined by settings Vn|ϕ〉 = Un|ϕ⊗τn〉 and
Pn|ϕ〉 = |ϕ⊗ τn〉 for any ϕ ∈ HA. Then Φn(ρ) = TrEVnρV ∗n for all n ≥ 0 and
s- limn→∞ Vn = V0. Since
V ∗n |ψ〉 ⊗ |τn〉 = PnV ∗n |ψ〉 = [PnV ∗nUn]U∗n|ψ〉
for any vector ψ in HBE , to show that s- limn→∞ V ∗n = V ∗0 it suffices to note
that s- limn→∞ U
∗
n = U
∗
0 and that the operator PnV
∗
nUn is the orthogonal
projector on the subspace HA ⊗ {cτn} of HAD for each n ≥ 0.
(iii)⇒ (iv). Let {τi}i∈I be a basic in HE. For given n and i let Ani be the
operator from HA to HB such that 〈ψ|Ani |ϕ〉 = 〈ψ⊗ τi|Vn|ϕ〉 for any ϕ ∈ HA
and ψ ∈ HB. Then Φn(ρ) =
∑
i∈I A
n
i ρ[A
n
i ]
∗ for all n ≥ 0. By noting that
Vn|ϕ〉 =
∑
i∈I A
n
i |ϕ〉 ⊗ |τi〉 and V ∗n |ϕ⊗ τi〉 = [Ani ]∗|ϕ〉 for any i and ϕ ∈ HA
it is easy to show that s- limn→∞A
n
i = A
0
i and s- limn→∞[A
n
i ]
∗ = [A0i ]
∗ for
each i ∈ I.
(iv)⇒ (iii). Let Vn|ϕ〉 =
∑
i∈I A
n
i |ϕ〉⊗ |τi〉 for any ϕ ∈ HA, where {τi}i∈I
is a basic in appropriate Hilbert space HE . Then Φn(ρ) = TrEVnρV ∗n for all
n ≥ 0. Since s- limn→∞Ani = A0i for all i ∈ I, the sequence {Vn|ϕ〉} weakly
converges to the vector V0|ϕ〉. The norm convergence of this sequence follows
5see the proof of Proposition 2 in Section 5.
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from the fact that all the operators Vn are isometries. Since s- limn→∞[A
n
i ]
∗ =
[A0i ]
∗ and V ∗n |ϕ⊗ τi〉 = [Ani ]∗|ϕ〉 for all i ∈ I and n ≥ 0, the sequence {V ∗n }
strongly converges to the operator V ∗0 .
(iii) ⇒ (ii). Let C and D be any infinite-dimensional quantum systems
and σ0 = |τ0〉〈τ0|, where τ0 is any unit vector in HD. If we identify the space
HA with the subspace HA⊗{cτ0} of HAD, then {Vn} is a sequence of partial
isometries from HAD to HBEC ∼= HAD strongly converging to the partial
isometry V0 such that V
∗
n Vn = V
∗
0 V0, dim ker V
∗
n Vn = dim ker VnV
∗
n = +∞ for
all n ≥ 0 and s- limn→∞ V ∗n = V ∗0 . So, the existence of the sequence {Un}
with the required properties (with the system EC in the role of E) follows
from Proposition 3 in the Appendix.
The implication (i)⇒ (v) is stated in Proposition 3 in [17]. Note that (v)
directly follows from (iii), since Φ∗n(B) = V
∗
nB ⊗ IEVn for any B ∈ B(HB)
and all n ≥ 0. The implication (ii)⇒ (i) is trivial.
(v) ⇒ (iii). Note that (v) imply the strong convergence of the sequence
{Φn} to the channel Φ0, since this convergence is equivalent to (7). Assume
first that the channel Φ0 has infinite Choi rank and Φ0(ρ) = TrEV0ρV
∗
0 is
the minimal Stinespring representation of the channel Φ0 [8, Ch.6]. It means
that the set
{[B ⊗ IE]V0|ϕ〉|B ∈ B(HB), ϕ ∈ HA} (8)
is dense in HBE . By Lemma 1 below there is a sequence {Vn} of isometries
from HA into HBE strongly converging to V0 such that Φn(ρ) = TrEVnρV ∗n
for all n. Since Φ∗n(B) = V
∗
nB ⊗ IEVn for any B ∈ B(HB), by using the
condition s- limn→∞ Vn = V0 it is easy to show that limn→∞ V
∗
n |ψ〉 = V ∗0 |ψ〉
for any vector ψ from the set (8).
If the channel Φ0 has finite Choi rank then take any channel Ψ : A→ C
with infinite Choi rank and consider the sequence of channels
Φ˜n(ρ) =
1
2
Φn(ρ)⊕ 12Ψ(ρ)
from T(HA) into T(HB ⊕ HC) strongly converging to the channel Φ˜0(ρ) =
1
2
Φ0(ρ)⊕ 12Ψ(ρ) with infinite Choi rank. It is easy to see that (v) implies
s- lim
n→∞
Φ˜∗n(B) = Φ˜
∗
0(B) ∀B ∈ B(HB ⊕HC).
By the above part of the proof property (iii) holds for the sequence {Φ˜n},
i.e. there exist a quantum system E ′ and a sequence {V˜n}n≥0 of isome-
tries from HA into (HB ⊕ HC) ⊗ HE′ such that Φ˜n(ρ) = TrE′V˜nρV˜ ∗n for all
7
n ≥ 0, s- lim
n→∞
V˜n = V˜0 and s- lim
n→∞
V˜ ∗n = V˜
∗
0 . Let PB be the projector on the
subspace HB of HB ⊕HC . Then
Φn(ρ) = 2PBΦ˜n(ρ)PB = 2TrE′[PB ⊗ IE′][V˜nρV˜ ∗n ][PB ⊗ IE′] ∀n ≥ 0.
Hence Vn =
√
2[PB ⊗ IE′]V˜n is a Stinespring isometry for the channel Φn for
all n ≥ 0. Since s- lim
n→∞
Vn = V0 and s- lim
n→∞
V ∗n = V
∗
0 , property (iii) holds
for the sequence {Φn}.
The last assertion of the theorem follows from the equivalent definition
(7) of the strong convergence and Corollary 3 in [17]. 
Lemma 1. Let {Φn} be a sequence of quantum channels from A to B
strongly converging to a channel Φ0 with infinite Choi rank. For any given
Stinespring isometry V0 : HA → HBE of the channel Φ0 there is a sequence
{Vn} of isometries from HA into HBE strongly converging to V0 such that
Φn(ρ) = TrEVnρV
∗
n for all n.
Proof. Since HE is an infinite-dimensional Hilbert space, for each n there
exists an isometry Vn : HA → HBE such that Φn(ρ) = TrEVnρV ∗n . By the
proofs of Lemma 1 and Theorem 1 in [17] (based on the results from [14])
there is a sequence {Cn} of contractions in B(HE) such that the sequence of
isometries
V̂n = [IB ⊗ Cn]Vn ⊕ [IB ⊗
√
IE − C∗nCn]Vn
from HA into HB ⊗ (HE ⊕ HE) strongly converges to the isometry V0 ⊕ 0.
By simple continuity arguments we may assume that all the operators Cn
are non-degenerate. Let Un be the isometry from the polar decomposition
of Cn. Since the sequences [IB ⊗ Cn]Vn and [IB ⊗
√
IE − C∗nCn]Vn strongly
converge to the isometry V0 and to the zero operator correspondingly, it is
easy to show that the sequence Wn = (IB ⊗ Un)Vn strongly converges to the
isometry V0. It is clear that Φn(ρ) = TrEWnρW
∗
n for all n. 
According to the operator theory terminology a sequence {Tn} of op-
erators from HA into HB is called strongly∗ converging to an operator T0
if s- limn→∞ Tn = T0 and s- limn→∞ T
∗
n = T
∗
0 [3]. So, Theorem 1 states,
in particular, that the existence of strongly converging sequence of unitary
dilations is equivalent to the existence of strongly∗ converging sequence of
Stinespring isometries. This motivates the following
Definition 1. A sequence {Φn} of quantum channels is called strongly∗
converging to a channel Φ0 if the equivalent properties (i)-(v) in Theorem 1
hold.
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Corollary 3 in [17] implies that the strong∗ convergence of quantum chan-
nels is stronger than the strong convergence. The difference between these
types of convergence is best seen on the Heisenberg picture: as mentioned at
the end of Section 2 the strong convergence of a sequence {Φn} to a channel
Φ can be defined as
w - lim
n→∞
Φ∗n(B) = Φ
∗
0(B) for all B ∈ B(HB),
(the limit in the weak operator topology) while the strong∗ convergence of
this sequence means that
s- lim
n→∞
Φ∗n(B) = Φ
∗
0(B) for all B ∈ B(HB). (9)
The below example shows, in particular, that the strong∗ convergence is
substantially weaker than the uniform (diamond norm) convergence.
Example. Let Φ be an arbitrary quantum channel from A to B and
{Pn} a sequence of finite rank projectors in B(HB) strongly converging to
the unit operator IHB . Let
Φn(ρ) = PnΦ(ρ)Pn + [Tr(IHB − Pn)Φ(ρ)]σ
for all n, where σ is a given state inS(HB). It is clear that the sequence {Φn}
strongly converges to the channel Φ, but it does not converge uniformly to Φ
in general (it suffices to consider the case A = B, Φ = IdHA). Sequences of
this type are used in [11] for approximation of infinite-dimensional quantum
channels by channels with finite-dimensional output system. Since the map
B 7→ Φ∗(B) is continuous w.r.t. the strong operator topology, we have
s- lim
n→∞
Φ∗n(B) = s- lim
n→∞
Φ∗(PnBPn+[IHB−Pn]TrBσ) = Φ∗(B) ∀B ∈ B(HB).
So, the sequence {Φn} strongly∗ converges to the channel Φ.
By using (9) as the simplest definition of the strong∗ convergence it is
easy to show that this convergence is preserved under basic manipulations
with quantum channels.6
Corollary 1. Let {Φn} and {Ψn} be sequences of quantum channels
from A to B and from C to D correspondingly that strongly∗ converge to
quantum channels Φ0 and Ψ0.
6Similar statements for the strong convergence are proved explicitly in [22].
9
A) The sequence {Φn ⊗ Ψn} of channels from AC to BD strongly∗ con-
verges to the channel Φ0 ⊗Ψ0.
B) If B = C then the sequence {Ψn ◦ Φn} of channels from A to D
strongly∗ converges to the channel Ψ0 ◦ Φ0.
By using property (iii) in Theorem 1 as a criterion of the strong∗ conver-
gence it is easy to prove the following observation which shows the continuity
of the complementary operation Φ 7→ Φ̂ (defined in (4)) with respect to the
strong∗ convergence of quantum channels.
Corollary 2. If {Φn} is a sequence of quantum channels from A to
B strongly∗ converging to a channel Φ0 then there exists a sequence {Ψn}
of quantum channels from A to some system E strongly∗ converging to a
channel Ψ0 from A to E such that Ψn = Φ̂n for all n ≥ 0.
4 Representation of converging channels via
a partial trace channel
The Stinespring representation (1) of any quantum channel Φ0 from A to
B means that Φ0(ρ) = Θ(V0ρV
∗
0 ), where Θ(ρ) = TrEρ is the partial trace
channel from BE to B and V0 is an isometrical embedding of HA into HBE .
Assume that {Wn} is a sequence of partial isometries on HBE such that
W ∗nWn = P0 for all n, where P0 is the projector on the subspace V0(HA). Let
Φn(ρ) = Θ(WnV0ρV
∗
0 W
∗
n), ρ ∈ S(HA), (10)
be a quantum channel from A to B for each n. It is easy to show that
• if the sequence {Wn} converges to the projector P0 in the operator norm
then the sequence {Φn} converges to the channel Φ0 in the diamond
norm;
• if the sequence {Wn} strongly converges to the projector P0 then the
sequence {Φn} strongly converges to the channel Φ0;
• if the sequence {Wn} strongly∗ converges7 to the projector P0 then the
sequence {Φn} strongly∗ converges to the channel Φ0 (see Def.1).
7It means that s - lim
n→∞
Wn = P0 and s- lim
n→∞
W ∗
n
= P0 [3].
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The results in [14],[17] and Theorem 1 in Section 3 imply
Proposition 1. Any sequence {Φn} of channels converging in the dia-
mond norm (correspondingly, strongly converging, strongly∗ converging) to a
channel Φ0 can be represented in the form (10) with some isometrical em-
bedding V0 of HA into HBE and some sequence {Wn} of partial isometries
converging to the projector P0 w.r.t the operator norm topology (correspond-
ingly, the strong operator topology, the strong∗ operator topology).
Usefulness of the representation (10) of strongly converging sequences of
quantum channels is illustrated by the proof of Theorem 2 in [17].
5 Convergence of Bosonic Gaussian channels
In this section we show that the strong∗ and strong convergences coincide
on the class Bosonic Gaussian channels playing a central role in continuous
variable quantum information theory [8, 20].
Let HX (X = A,B, ...) be the space of irreducible representation of the
Canonical Commutation Relations (CCR)
WX(z)WX(z
′) = e[−
i
2
z⊤∆Xz
′]WX(z
′ + z), z, z′ ∈ ZX ,
with a symplectic space (ZX ,∆X) and the Weyl operators WX(z) [8, Ch.12].
Denote by sX the number of modes of the system X , i.e. 2sX = dimZX .
A state ρ in S(HX) is called Gaussian if it has Gaussian characteristic
function
φρ(z)
.
= TrWX(z)ρ = e
[imz− 1
2
z⊤σz], (11)
where m is a 2sX-dimensional real row and σ is a (2sX) × (2sX) real sym-
metric matrix satisfying the inequality
σ ≥ ±i∆X . (12)
The row m consists of the mean values of the canonical observables at the
state ρ, while σ is the covariance matrix of these observables [8, Ch.12].
A Bosonic Gaussian channel Φ : T(HA)→ T(HB) is defined via the action
of its dual Φ∗ : B(HB)→ B(HA) on the Weyl operators:
Φ∗(WB(z)) = WA(Kz)e
[iℓz− 1
2
z⊤αz], z ∈ ZB, (13)
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where K is a linear operator ZB → ZA, ℓ is a 2sB-dimensional real row and
α is a (2sB)× (2sB) real symmetric matrix satisfying the inequality
α ≥ ± i
2
[
∆B −K⊤∆AK
]
.
If ρ is a state inS(HA) with the characteristic function φρ(z) .= TrWA(z)ρ
and Φ is a Gaussian channel defined in (13) then the state Φ(ρ) has the char-
acteristic function
φΦ(ρ)(z) = TrWB(z)Φ(ρ) = TrΦ
∗(WB(z))ρ = φρ(Kz)e
[iℓz− 1
2
z⊤αz]. (14)
In particular, if ρ is a Gaussian state with the characteristic function (11)
then Φ(ρ) is a Gaussian state with the characteristic function
φΦ(ρ)(z) = e
[i(mK+ℓ)z− 1
2
z⊤(α+K⊤σK)z]. (15)
Proposition 2. For Bosonic Gaussian channels the strong∗ convergence
is equivalent to the strong convergence and weaker than the uniform (diamond
norm) convergence.
Proof. Let {Φn} be a sequence of Gaussian channels strongly converging
to a Gaussian channel Φ0. By using Lemma 2 below and the coincidence of
the weak operator topology with the strong operator topology on the set of
unitary operators it is easy to show that s- lim
n→∞
Φ∗n(WB(z)) = Φ
∗
0(WB(z)) for
all z ∈ ZB. Since the linear hull of the family {WB(z)}z∈ZB is dense inB(HB)
in the strong operator topology, the sequence {Φn} strongly∗ converges to
the channel Φ0 by Remark 1 after Theorem 1.
To show that the strong∗ convergence is weaker than the uniform (dia-
mond norm) convergence one can consider the single-mode Bosonic quantum
limited attenuator defined by its action on the family {|η〉〈η|}η∈C of coherent
states as follows
Φk(|η〉〈η|) = |kη〉〈kη|.
It is proved in [23] that ‖Φk − Φk′‖⋄ = 2 for all k 6= k′. It is also mentioned
in [23] that the channel Φk′ strongly (and hence strongly
∗) converges to the
channel Φk as k
′ → k. Other examples showing the nonequivalence of the
strong∗ and uniform convergences of Gaussian channels can be found in [22].

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Lemma 2. Let Φn, n ≥ 0, be Gaussian channels between given Bosonic
systems A and B defined by relation (13) with parameters Kn, ℓn, αn. The
sequence {Φn} strongly converges to the channel Φ0 if and only if
lim
n→∞
Kn = K0, lim
n→∞
ℓn = ℓ0 and lim
n→∞
αn = α0, (16)
where the limits in any topology on sets of finite matrices (rows).
Proof. Let ρ be any state in S(HA). It follows from (14) that condition
(16) implies poinwise convergense of the sequence {φΦn(ρ)(z)} to the function
φΦ0(ρ)(z). By the quantum version of Levy’s continuity theorem (see [6]) this
implies convergence of the sequence {Φn(ρ)} to the state Φ0(ρ).
Assume that the sequence {Φn} strongly converges to the channel Φ0.
Then for any Gaussian state ρ the sequence {φΦn(ρ)(z)} pointwise converges
to the function φΦ0(ρ)(z). By expression (15) this means that
lim
n→∞
e[i(mKn+ℓn)z−
1
2
z⊤(αn+K⊤nσKn)z] = e[i(mK0+ℓ0)z−
1
2
z⊤(α0+K⊤0 σK0)z]
for all z ∈ ZB. Since this relation holds for any mean row m and covariance
matrix σ satisfying (12), it is easy show the validity of condition (16). 
Proposition 2 states that any sequence of Gaussian channels strongly
converging to a Gaussian channel can be represented as a reduction of a
sequence of unitary channels strongly converging to a unitary channel.
At the same time, it is well known that any Gaussian channel has a Gaus-
sian unitary dilation, i.e. it can be represented as a reduction of a Gaussian
unitary channel8 between composite Bosonic systems [4, 5][8, Ch.12]. So, it
seems reasonable to assume that Proposition 2 can be strengthened as follows
Conjecture. Any sequence of Gaussian channels strongly converging to a
Gaussian channel can be represented as a reduction of a sequence of Gaussian
unitary channels strongly converging to a Gaussian unitary channel.
This conjecture seems natural from the physical point of view but the
explicit forms of Gaussian unitary dilations of a single Gaussian channel
presented in [4, 5] show that its direct proof requires serious technical efforts.
8Gaussian unitary channel is a channel ρ 7→ UTρU∗T , where UT is the canonical unitary
corresponding to a symplectic trasformation T [8, Ch.12].
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Appendix
Below we present results concerning possibility to dilate a strongly converging
sequence of partial isometries to strongly converging sequence of unitary
operators.9
Proposition 3. Let {Vn} be a sequence of partial isometries on a sepa-
rable Hilbert space H strongly converges to a partial isometries V0 such that
V ∗n Vn = V
∗
0 V0 = P and dimKerP = dimKerQn ≤ +∞, where Qn = VnV ∗n ,
for all n ≥ 0. The following properties are equivalent:
(i) there exists a sequence {Un} of unitaries on H strongly converging to
a unitary operator U0 such that UnP = Vn for all n ≥ 0;
(ii) the sequence {Qn} strongly converges to the operator Q0;
(iii) the sequence {V ∗n } strongly converges to the operator V ∗0 .
Remark 2. A sequence {Vn} of partial isometries satisfying the assump-
tions of Proposition 3 for which the properties (i)-(iii) do not hold can be
found in the proof of Corollary 3 in [17].
Proof. Since all the partial isometries have the same initial space, the
sequence {Wn = VnV ∗0 } consists of partial isometries and strongly converges
to the projector Q0 = V0V
∗
0 . Note that WnW
∗
n = Qn and W
∗
nWn = Q0 for all
n. So, the assertion of the proposition follows from Lemma 3 below. 
Lemma 3. Let {Sn = {ϕni }i∈I}n≥0 be a sequence of orthonormal systems
of vectors in a separable Hilbert space H such that dimS⊥n = dimS⊥0 ≤ +∞
for all n. Let Pn =
∑
i∈I |ϕni 〉〈ϕni | be the projector on the subspace Hn
generated by Sn and Wn =
∑
i∈I |ϕni 〉〈ϕ0i | a partial isometry. Assume that
limn→∞ ϕ
n
i = ϕ
0
i for each i ∈ I. The following properties are equivalent:
(i) for each n ≥ 0 there is an orthonormal basis Sen = {ϕni }i∈I ∪ {ψnj }j∈J
in H obtained by extension of the system Sn such that limn→∞ ψnj = ψ0j
for each j ∈ J ;
(ii) the sequence {Pn} strongly converges to the operator P0;
(iii) the sequence {W ∗n} strongly converges to the operator P0;
9I am sure that these results can be found in the literature. So, I would be grateful for
any references concerning this question.
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Proof. (i)⇒ (iii). It follows from (i) that
Un =
∑
i∈I
|ϕni 〉〈ϕ0i |+
∑
j∈J
|ψnj 〉〈ψ0j |
is an unitary operator strongly converging to the unit operator IH as n→∞.
Then the unitary operator U∗n strongly converges to the unit operator as well,
i.e. ∑
i∈I
|ϕ0i 〉〈ϕni |θ〉 ⊕
∑
j∈J
|ψ0j 〉〈ψnj |θ〉 →
∑
i∈I
|ϕ0i 〉〈ϕ0i |θ〉 ⊕
∑
j∈J
|ψ0j 〉〈ψ0j |θ〉
as n→∞ for any vector θ in H. Hence W ∗n strongly converges to P0.
(iii) ⇒ (ii). Since Wn strongly converges to P0 by the assumption, it
follows from (iii) that Pn = WnW
∗
n strongly converges to P0.
(ii) ⇒ (i). Let Se0 = {ϕ0i }i∈I ∪ {ψ0j}j∈J be an orthonormal basis (o.n.b.
in what follows) in H obtained by extension of the system S0. Sequentially
applying Lemma 4 below one can construct, for any natural m and n, an
orthonomal system {αn1 , ..., αnm} in S⊥n in such a way that limn→∞ αnj = ψ0j
for all j = 1, m. This gives the required sequence of o.n.b. Sen = Sn∪{ψnj }j∈J
in the case dimS⊥0 < +∞. If dimS⊥0 = +∞ this sequence can be constructed
as follows:
ψ11 = α
1
1 and {ψ1j}j>1 is any o.n.b. in [{α11} ∪ S1]⊥,
ψ21 = α
2
1, ψ
2
2 = α
2
2 and {ψ2j}j>2 is any o.n.b. in [{α21, α22} ∪ S2]⊥,
..............................
ψn1 = α
n
1 , ..., ψ
n
n = α
n
n and {ψnj }j>n is any o.n.b. in [{αn1 , ..., αnn} ∪ Sn]⊥,
..............................
Remark 3. A sequence {Sn} of orthonormal systems satisfying the
assumptions of Lemma 3 for which properties (i)-(iii) of this lemma do not
hold can be easily constructed: let {τi} be a countable orthonormal system
of vectors, ϕni = τi for all i 6= n and ϕnn = ψ, where ψ is any unit vector in
{τi}⊥.
Lemma 4. Let the assumptions of Lemma 3 hold and ψ0 be any unit
vector in S⊥0 . If the sequence {Pn} strongly converges to the operator P0 then
there is a sequence {ψn} of unit vectors converging to the unit vector ψ0 such
that ψn ∈ S⊥n for all n.
Proof. Let P¯n = IH − Pn and |ψn〉 = P¯n|ψ0〉/‖P¯n|ψ0〉‖ if ‖P¯n|ψ0〉‖ 6= 0
and |ψn〉 be any vector in S⊥n otherwise. Since the sequence {P¯n} strongly
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converges to the operator P¯0 and P¯0|ψ0〉 = |ψ0〉 the sequence {|ψn〉}n has the
required properties. 
I am grateful to Frederik vom Ende for the valuable communication. I
am also grateful to A.S.Holevo, G.G.Amosov, A.V.Bulinski, V.Zh.Sakbaev,
T.V.Shulman and M.M.Wilde for useful discussion.
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